1. INTRODUCTION {#SEC1}
===============

Hypothesis testing plays an important role in the analysis of multivariate data. Classical examples include the multiple response linear model, principal component and canonical correlation analysis, and other methods which together form the main focus of standard multivariate texts, e.g. [@B2], [@B13] and [@B17]. They find widespread use in signal processing, social sciences and many other domains.

Under multivariate Gaussian assumptions, in all these cases the associated hypothesis tests can be formulated in terms of either one or two independent Wishart matrices. These are conventionally denoted by $\documentclass[12pt]{minimal}
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[@B7] provided a remarkable five-way classification of the distribution theory associated with these problems. Elements of the classification are indicated in [Table 1](#T1){ref-type="table"}, along with some representative applications. Departure from the null hypothesis is captured by a matrix $\documentclass[12pt]{minimal}
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The most common tests fall into two categories. The first consists of linear statistics which depend on all the eigenvalues and are expressible in the form $\documentclass[12pt]{minimal}
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The second category involves functions of the extreme eigenvalues, the first few largest and smallest eigenvalues. Here we focus on the largest root statistic, based on $\documentclass[12pt]{minimal}
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We briefly contrast the state of knowledge regarding approximate distributions, both null and alternative, for the two categories of test statistics. Tests based on linear statistics have long had adequate approximations. In particular, for the two-matrix cases, approximations using an $\documentclass[12pt]{minimal}
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For Roy's largest root test, the situation is less complete. Under the null hypothesis, evaluation or approximation of the distribution is important, for example, to determine the critical values of Roy's test. Some options are listed in the [Supplementary Material](#sup1){ref-type="supplementary-material"}.

In contrast, under the alternative, derivation of a simple approximation to the distribution of $\documentclass[12pt]{minimal}
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We develop simple and quite accurate approximations to the distribution of $\documentclass[12pt]{minimal}
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Our small-noise analysis uses tools from matrix perturbation theory and yields an approximate stochastic representation for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\ell_1$\end{document}$. In concert with standard Wishart results, we deduce its approximate distribution for the five cases of [Table 1](#T1){ref-type="table"} in Propositions 1 through 5. The expressions obtained can be readily evaluated numerically, typically via a single univariate integration. Code for the resulting distributions and their power is provided in the [Supplementary Material](#sup1){ref-type="supplementary-material"}.

The results of this paper can aid power analyses and sample size design in exactly those settings in which Roy's test may be most appropriate, namely when the relevant alternatives are thought to be predominantly of rank-one. [Table 2](#T2){ref-type="table"} gives a small illustrative example for the classical problem of comparison of group means, setting 4 in [Table 1](#T1){ref-type="table"}. Here, we observe 20 multivariate samples from each of $\documentclass[12pt]{minimal}
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Simulations like this can suggest the magnitude of improvement possible in selected cases, but the essence of power and sample size analysis is the comparison of a range of scenarios thought to encompass the likely experimental setting. For this, relatively simple approximate formulas such as those derived in this paper are invaluable.

It is not the purpose of this paper to argue for a general and unexamined use of Roy's test. It is well-established that there is no uniformly best test, and in particular settings issues of robustness with respect to nonnormality already studied by, for example, [@B22] may be important. Instead, when there is interest in the performance of the largest root in the rank-one Gaussian cases where it should shine, we provide approximations that have long been lacking.

2. DEFINITIONS AND TWO APPLICATIONS {#SEC2}
===================================

We present two applications, one from multivariate statistics and the other from signal processing, that illustrate settings 1--4 of [Table 1](#T1){ref-type="table"}. Following [@B14], p. 441), we recall that if $\documentclass[12pt]{minimal}
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To introduce settings 1 and 3, signal detection in noise, consider a measurement system consisting of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$m$\end{document}$ sensors, such as antennas or microphones. In the signal processing literature, for example [@B10], a standard model for the observed samples in the presence of a single signal is $$x = \rho_{s}^{1/2}uh + \sigma\xi$$ where $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$h$\end{document}$ is an unknown $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$m$\end{document}$-dimensional vector, assumed fixed during the measurement time window, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$u$\end{document}$ is a random variable distributed as $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mathcal{N}(0,1)$\end{document}$, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\rho_s$\end{document}$ is the signal strength, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\sigma$\end{document}$ is the noise level and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\xi$\end{document}$ is a random noise vector, independent of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$u$\end{document}$, that is multivariate Gaussian $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mathcal{N}_m (0, \Sigma)$\end{document}$.

In this paper, for the sake of simplicity, we assume real-valued signals and noise. The complex-valued case can be handled in a similar manner; see P. Dharmawansa et al. (arXiv:1411.4226). Thus, let $\documentclass[12pt]{minimal}
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3. MAIN RESULTS FOR RANK-ONE ALTERNATIVES {#SEC3}
=========================================
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3.4. Canonical correlation analysis {#SEC3.4}
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4. SIMULATIONS {#SEC4}
==============

4.1. Empirical densities {#SEC4.1}
------------------------

We present a series of simulations that support our theoretical analysis and illustrate the accuracy of our approximations. For different signal strengths we make 2 500 000 independent random realizations of the two matrices $\documentclass[12pt]{minimal}
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The bottom row of [Fig. 1](#F1){ref-type="fig"} corresponds to the two-matrix case and the approximate density of $\documentclass[12pt]{minimal}
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4.2. Power calculations {#SEC4.2}
-----------------------

We conclude this section with a comparison of the empirical detection probability ([2](#asw060M2){ref-type="disp-formula"}) of Roy's test to the theoretical formulas. We first consider the multivariate analysis of variance setting. [Table 3](#T3){ref-type="table"} compares the theoretical power, which follows from our Proposition 4, to the results of simulations. Each entry in the table is the result of 2 000 000 independent random realizations of matrices $\documentclass[12pt]{minimal}
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}{}$80%$\end{document}$, which fortunately are those most relevant to the design of studies in practice. This too is expected, as our approximation is based on a high signal-to-noise ratio, and is valid when no eigenvalue crossover has occurred, meaning that the largest eigenvalue is not due to large fluctuations in the noise. At the other extreme, when the signal strength is weak, our approximation of power is usually conservative since we do not model the case where the largest eigenvalue may arise due to large deviations of the noise.

Finally, we consider setting 5 of canonical correlation analysis. The corresponding comparison of simulations to theory is reported in [Table 4](#T4){ref-type="table"}, with similar behaviour to [Table 3](#T3){ref-type="table"}. For simulation results for the case of detection of signals in noise, we refer to [@B21].
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5. DISCUSSION {#SEC5}
=============

The typical approach in classical statistics studies the asymptotics of the random variable of interest as the sample size $\documentclass[12pt]{minimal}
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}{}$\sigma\to 0$\end{document}$. If the signal strength is sufficiently large, by their construction and as verified in the simulations, Propositions 1--5 are quite accurate for small dimension and sample size values. However, the error in these approximations increases with the dimensionality $\documentclass[12pt]{minimal}
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Next, we mention some directions for future research. The study of the distribution of Roy's largest root test under higher-dimensional alternatives is a natural extension. However, depending on the particular alternative, it may be less powerful than other common tests in that situation. It should be possible to study the resulting distribution under, say, two strong signals, or perhaps one strong signal and several weak ones. We briefly elaborate on this in the [Supplementary Material](#sup1){ref-type="supplementary-material"}. Sensitivity of the distributions to departures from normality is important. Finally, our approach can be applied to study other test statistics, such as the Hotelling--Lawley trace. In addition, the approach can also provide information about eigenvector fluctuations, which are important in a variety of applications.
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[Supplementary material](#sup1){ref-type="supplementary-material"} available at *Biometrika* online includes further discussion and examples, further simulation results, proofs of Propositions 1 to 5, supporting lemmas, discussion of error terms, and the rank-$\documentclass[12pt]{minimal}
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[^1]: James's classification of eigenvalue distributions was based on hypergeometric functions $\documentclass[12pt]{minimal}
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    }{}$_aF_b$\end{document}$ of matrix argument; their univariate analogues are shown in column 3. Column 4 details the corresponding Wishart assumptions for the sum of squares and cross products matrices; the rightmost column gives a nonexhaustive list of sample applications.
